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2018 Summer High School Program Placement Exam for Level A NAME:

Multiple Choice: Indicate your answer in the box to the right of each question.

1. A certain person has figured out that he can tile the square shaped floor in his
bathroom with square tiles. If 64 tiles are needed to tile the border between the
floor and the walls, how many tiles are needed to cover the whole floor, including the
border?

(A)128 (B)225 (C)289 (D)900 (E) 1024

2. Which of the following fractions is closest to 17
A)3 B3 (COF DE ®F

2 4 7 13

3. If 2%* = 4 and (—2)% = —32, then what is the value of (—2)*¥?
A)-4 B)-1 (C)-3 D3 ([E)1

4. If December 3rd of a certain year was a Sunday, what day of the week is January
25th of the next year?
(A) Monday (B) Tuesday (C) Wednesday (D) Thursday (E) Friday

5. What is the degree measure of the angle between the hour and minute hands on
an analog clock at 7:307
(A)15 (B)30 (C)40 (D)45 (E)60

6. Determine the number of distinct positive factors of 1001.

(A)2 B4 (©)6 (D)7 (E)8

7. A fair coin is tossed 5 times. What is the probability that it will land tails at least
once? -

AL BL OB DZ E)L

32 32 32

8. The degree measure of an interior angle of a regular polygon is a perfect square.
How many sides does the polygon have?

(A)8 (B)10 (C)12 (D)18 (E) 24

%
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Short Answer: Write your answer and show your work in the space below each question. Clearly
indicate your final answer by drawing a around it.

1. Find all values of z for which the below expression is undefined:

72+ 4 zﬁng,

2 —4
| 2gcxecid

2. Find the sum

R el PSRV PR AT TN
273717575 7+3+4'5 6 7 45 g TtsTg Tttty
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3. What is tl;)li.stgd;ii:jf/fj ?32'5 q 32_5 7 31[)5/ Ss—é g &é—c
—~ 2016 251
3ECE) g2, M |

4. In the middle of the Sahara desert there is a tribe of Hungry Sand Eaters. Two Hungry Sand
Eaters can eat 10 pounds of sand in 4 days. How much sand will 5 Hungry Sand Eaters eat in

6 days? 2 eat 10 ks 02,, L /§
/ &MgLSQ% A
5 eak ( 32.5s) Lo b days
4 S N
5. Factor completely: 325 — 613y + 3zy* 3 %Z L 3) (’I/{?)



6. How many rectangles can be formed with the vertices on the below lattice? [Note: The sides
of the rectangles do not necessarily have to be horizontal or vertical.]

/OféfaWﬁ&Z%;f
462 )(4% ‘:Zé

Wﬁ;g oy

7. If z +y =2 and 22 + y? = 3, find the value of 2° + y>.

ﬁﬁﬁ

= 2{ 3”2)

8. Find the area of the shaded region:

[Zfﬁ)zz 4 so quva?‘G”l "‘5 Z::17(*

2y =3
= () (2"=Y+p™

= EJ
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Long Answer: Write your solution in the space below each question. Make sure you include
sufficient justification.

1. Let f(n) be the maximum number of intersections that n > 2 circles can have. For example,
f(2) =2, f(3) =6, and so on.

(a) Find £(5). (@ f2)=2 , f(g)=4L

(b) Find an explicit forumula for f{n). Fl) =1 2, @ ]
Cb) rj;(VI); n (91) Cach fme we add «
ceche fp r aites, yi add
S0 24+ bt 2(7-1) 3
= n(n-1)

<

2. (a) Show that (z + 1)|(z* — 1) (i.e., (z + 1) is a factor of z* — 1)
(b) Show that (z? + = + 1)|(z® — 1)
(c) Show that if (m + 1)|n, then

A+z+22+...+3™)|("-1)

(@ at-l= (20 (<) (2D
(B xb1= (22D [2%1) = =] (2= (256D
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(® st nekimeD and yz 2" o

M /e { = X
]+ {/':Z,—/ -
v 7 g1 3
L 2/”‘/7 /5/
%ﬂ A ' ' 7’7
Lo, XMy P b X0 o)) (et 2")
Yoo Jrur a2 /ZO/LQ



2018 Summer High School Program Placement Exam for Level B NAME:

Multiple Choice: Indicate your answer in the box to the right of each question.

1. Which of the following is closest to -;—?
A ®BF ©Cx% Ox E)R

2. If 4%* = 4 and 47% = 32, then what is the value of (—4)*7¥?
A)-4 B)-2 (- D} (®4

3. On an analog clock, how many times do the hour and minute hands coincide
between 11:30am on Monday and 11:30am on Tuesday?
(A)12 (B)13 (C)22 (D)23 (E)24

4. If -1<a<2and -2 <b <3, find the minimum value of ab.

(A)-6 (B)-5 (C)—-4 (D)-3 (E)-2

5. A fair coin is tossed 5 times. What is the probability that it will land tails at least

half the time?

W% ®BF ©3 Of EF C

6. Let f(z) = |5 — 2z|. If the domain of f(z) is (-3, 3], what is the range of f(z)?
(A) [-1,11) (B)[0,11) (C)[2,8) (D) [1,11) (E) None of these

3

7. When (a+b)?8 + (a— b)?0!8 is fully expanded and all the like terms are combined,
how many terms are there?
(A) 1008 (B) 1009 (C) 1010 (D) 2018 (E) 2019

8. How many factors does 10! have?
(A)64 (B)8 (C)120 (D)240 (E) 270

A

9. How many z-intercepts does the graph of ||z — 1| — 2| + ||y — 1| — 2| = 1 have?
(A)o (B)1 (©)2 (D)3 (E)4

()




Short Answer: Write your answer and show your work in the space below each question. Clearly
indicate your final answer by drawing a around it.

1. If the 3D-shape below is a cube with edge length 1, what is the area of AABC?

B Guidatead B, sl /2
RN axac L7 =)

o =

2. An analog clock shows 7:45. Tn how many minutes will the hour and minute hands coincide?
Teme s X mess af!émf/

Ml %ww( W W 51
hoc +
2?0 e X/ bx So %X = 4’?0 #3571

bo it clopid = T or [ Fagpene)

3. John is leaving his house in the morning, but his lightbulb broke so he has to select his clothes
in complete darkness. He wants to select same color socks and t-shirt. In his bottom drawer,
he has 5 pairs each of unpaired black, white and brown socks and in the top drawer he has 2
black, 3 white and 4 brown t-shirts. He first takes socks one by one from the bottom drawer and
then t-shirts from the top drawer and then walks into another room to put on the clothes. What
is the minimum number of items John needs to take from the drawers in order to guarantee
that he will have same color socks and t-shirt? @{/ 4 o i

gt w&; b it 2 ad

fotal =

4. Find the largest integer k£ such that 2* is a factor of 100101 - . .. - 200.
W 2~’ /%[027 .,m 45/
¢ g 0 =
" 4 :190,/0%, .,29° 2 26

, 57 W02, 200 > 13
7 /6y le8 - )92 > b
221 /zg 10,092 —> 3

% }@S” t‘lZ/ — 7
[2% «12% —> ]

totd 42



5. How many 9’s are there in the product

999,99

1000

q;é}fy(zaw@(ﬁi /000  ZovOs »7

=899 .9/
RPN 4

6. If the area of the large square is area of the shaded region:

4 ,4: A Z’MBJNA[MZBJ 5
/2] ptv = L = £
g Ve VE
g,} so AP - 4 o 4-38
2 heeb S
{1—4{/4&64' > 1

=/
A :,-3
Ao s =5 = gjzoik 20
M-
7. What are the last two digits of 320187

100 = (2IFsD = (2 D(E=D
= 4o

340z ) wod /0D

@32@162 38 3(36)25 ZO(%E ‘H'qu

8. In AABC the inscribed circle is tangent to AB, BC, AC at P,Q, R, respectively. If AB =
13, BC = 14, AC = 15, find AP.

Cael= AC=)s

At



Long Answer:
sufficient justification

Write your solution in the space below each question. Make sure you include
1. A k-digit number Gra;_1ar_2
n. For example

a1ag,, is a number base n where each a; represents a digit base
1234,0=1-10+2-10>+3-10' +4-10° 12345=1.5+2.52+3.51 +4.50
and so on. A repunit prime base n is a number of the form 11

... 1, that is prime. For example
11y is a repunit prime base 10, but 115 = 61¢ is not a repunit prime base 5
(a) Find all n < 20 such that 11, is a repunit prime

(b) Find a repunit prime base 3 and a repunit prime base 5
(c) Find, with proof, all repunit primes base 4

® ned a4l i /aﬂ?ne S0 | 17245 /%/Z,@/Xi /
@;«93?32":}3 =) 4

® 8 3 g

/
/
n..l, = |+ .~
= 4k
T3

3
If b &5 ewn, then 247 1< o mod 3
ik s Ddéé/MﬂMZéd =0 mod 3

Wuua we gel 2 foebons S0 onk MRt be /
;,ezk'ﬂ-’&

k*fi/ 3
LeO nd porcble

sple=) cond k%
/L

=% or 2

k=0 or |



2018 Summer High School Program Placement Exam for Level C NAME:

Multiple Choice: Indicate your answer in the box to the right of each question.

/3o

1.If-1<a<2and —2 <)< 3, find the minimum value of ab.
(A)-6 (B) -5 (C)—-4 (D) -3 (E) Does not exist

2. Find the value of (z+1)*(z +5) + (z + 3)*(z +5) + (z + 1)*(z + 3)? when z = —3.
(A)-8 (B)—7 (C)7 (D)8 (E)16

3. Find the last three digits of 35,347 - 32,952 - 62, 315.
(A) 305 (B)344 (C)360 (D)420 (E) 880

4. Points A, B,C,D are in a plane so that AB = BD = AD = CD = 20 and
BC = 20V/2. Find mZBCA.
(A) 225° (B)30° (C)45° (D)60° (E)75°

5. Find the sum cos? 5° + cos? 10° + cos? 15° + ... + cos? 85°.
A2 B)42 (OF DILE ©®7v2

2

6. How many factors of 30! are perfect cubes?
(A)270 (B)300 (C)405 (D)540 (E) None of these

7. If sin @, sin 2a, sin? « is a geometric sequence and 0° < & < 90°, find sin a.
) g q

(A EyaEl @peEga e (e

4

8. AB is a diameter of circle O and chord PQ intersects AB at X and is perpendicular
to it. If AO = 3PX, find &.

A) 224 B)L (O DY (E)8+6v2

3

/3



Short Answer: Write your answer and show your work in the space below each question. Clearly
indicate your final answer by drawing a around it.

1. Three standard fair six-sided dice are rolled simultaneously and the numbers on their top faces
are multiplied. What is the probability that the resulting number is not divisible by 67

Foke  plofaso) = p (B1s, 216 24¢) + (345, 3140, 312)
,f’{%a/ra) 2,346 2,3 {¢

- (908 < |5

2. Let S = {3,7,11,15,19,23,27}. For how many 3-element subsets of S is the sum of their
elements divisible by 37

P ! I |
med 3, e e 308, 2 18,2 1S
Case ) 30(5 [wo

—
t

Cace2 |0 ond 1 and 1 ' 0 203 =12 WS

3. The pool table below has the specified dimensions. A ball is shot at a 45° angle as in the
diagram. Which pocket will the ball land in?

17 17

o O O bL s (o,0)

Vg ey 2y FHO
Pockots cute et (171, 20m)
Sotpe. 20m = L¥n 770

O 10(2m-1) = | Fn
m=q, n=lo b 7 st Soetion.
Pocdet & at (1%0)20)
170 is Cutn, bar not @ mulbple of
S0 packet S on for Répht sule

10

O
O




4. In the diagram below, you are allowed to only flip over pairs of adjacent coins. L.e., you may
flip only two coins at a time (sce diagram). Is it possible to make all the coins Tails? DProve

your claim.
#HH=F WﬂiS/D by Jses st
OO —o0 cé@v%w,%eezcé ‘
POO®®®® Sinck # Geraes &b
Wﬂcwmg%z_
‘e HHFO

[rpsts|

¢)® is fully expanded and all the like terms are combined. how

.
7¢ ?9
[éa"&C)?"bj ‘f‘[@ rc)—-éj
= are% (3) o) ¥ e 267
Hlerms = 100 787267 . - +2

= (22%’57

5. When (a+b+0)* + (a
many terms are there?

6. In AABC the inscribed circle is tangent to AB, BC, AC' at P.(Q, R, respectively. If AB =
13, BC = 14, AC = 15, find PR.




Long Answer: Write your solution in the space below each question. Make sure you include
sufficient justification.

1. Find, with proof, all positive integers n such that 3" — 104 is a perfect square.
et 37104=m" thon B7-7 T1OF
Cate | =2k (gé’m)é\g/&fhp = /DZBZ 2-52) Zt‘fZég"V);
|-/0%
(384 m)+ (3%m) = 238 w0 oty 2. 5200
tnd 5o RE3, (n=b

Chel  h= b4/
mod, 4 C“I)w,émz
o 1) =m*
Mz 3t — UnpEdl
5



2. Given two sets A and B, a bijective correspondence between them is a rule that pairs every

element of A with exactly one element of B and every element of B with exactly one element
of A.

(a) Let A={1,2,3,4}, B ={1,4,9, 16}. A bijective correspondence between A and B is 7 <
z®. Another bijective correspondence (written explicitly) is {(1,4),(2,9), (3,16), (4, 1)}
Give an example of another bijective correspondence between A and B.

(b) Let X =[1,2],Y = [1,4]. A bijective correspondence between X and Y is z < z2. Give
an example of another bijective correspondence between X and Y.

(c) Give an example of a bijective correspondence between X = {1,2,3,..} and Y =
{7,8,9,10,...}.

(d) Give an example of a bijective correspondence between X — (0,1) and Y = (1, 00).

() Give an example of a bijective correspondence between sets X = [1,2] and ¥ = (1,2].

@ 10) (59 (39 (5D}

@ yes3x-z

© x &> xtb

@ X >

@ Example: xes i o x=| &
e H:—f?u—z % 'lzéLn
X X ofluniite



